Seed magnetic island formation due to a dynamically growing external source in toroidal confinement devices is modeled as an initial value, forced reconnection problem. For an external source whose amplitude grows on a time scale quickly compared to the Sweet-Parker time of resistive magnetohydrodynamics, the induced reconnection is characterized by a current sheet and a reconnected flux amplitude that lags in time the source amplitude. This suggests that neoclassical tearing modes, whose excitation requires a seed magnetic island, are more difficult to cause in high Lundquist number plasmas.
I. INTRODUCTION
A novel theoretical feature of neoclassical tearing modes in toroidal configurations is that a nonlinear excitation level is required for the destabilizing neoclassical effects to be activated. [1] [2] [3] [4] [5] The source for the instability mechanism is the deformation of the perturbed bootstrap current profile in the vicinity of a sufficiently large ''seed'' magnetic island. The perturbed profile self-consistently enhances the seed island, producing magnetic perturbation, and ultimately produces a large macroscopic, sized magnetic island in high-temperature plasma, which can significantly limit plasma performance. 6, 7 A possible source for the seed island formation is the presence of a magnetic signal produced from another magnetohydrodynamic ͑MHD͒ event, such as a sawtooth crash or an edge localized mode ͑ELM͒. 8, 9 For example, associated with a sawtooth crash is a magnetic signal with poloidal and toroidal mode numbers mϭnϭ2. In combination with toroidal geometry, this produces a mϭ3, nϭ2 magnetic signal that can, in principle, cause magnetic reconnection at the q ϭ 3 2 surface. Experimental examination of the amplitude of the forced reconnection indicates a strong variation with the Lundquist number S. Specifically, the empirical observations of Ref. 8 report that the size of the seed island caused by a sawtooth crash scales as *S Ϫ1 , where * is the normalized ion gyroradius. The role of this paper is to calculate the time dynamics of the forced reconnection at the driven resonance from a given source magnetic signal and to try to provide a possible explanation for the S scaling of the seed island width.
The seed island formation as described above is an example of a forced reconnection. Forced magnetic reconnection is a subject of concern in magnetotail, coronal, and laboratory plasmas. In tokamaks, resonant magnetic field errors can produce localized current sheets and magnetic islands that can subsequently lead to dramatic changes in the bulk rotation profile and disruptions. [10] [11] [12] [13] Theoretical models have been developed to describe this phenomenon by accounting for the interaction of a resonant field error with a rotating resonant magnetic surface. [14] [15] [16] These works differ in their treatment of the field error evolution. In Ref. 14, the field error is taken to be static and a steady-state reconnection response to that error is calculated. No temporal response is quantified. The approach of Ref. 14 differs from the work of Bhattacharjee and co-workers 15, 16 who treat the ''Taylor problem'' 17, 18 whereby a field error is impulsively turned on and the temporal evolution of the reconnected magnetic flux is calculated. A notable feature of this evolution is the presence of a ''nonconstant-'' phase where current sheets are formed. In this way, the temporal evolution of a forced reconnection more closely resembles the evolution properties of mϭ1 modes in tokamaks where the constant-assumption is invalid. 19, 20 Since the seed-producing magnetic perturbation is imagined to be produced from a temporally growing source, the theoretical treatment given here closely resembles the analytic model used to describe the Taylor problem. [15] [16] [17] [18] An initial value problem is considered where we impose a particular time scale for the seed producing magnetic perturbation. If the imposed time scale is short enough, the reconnection process is described by a nonconstant-phase with a current sheet present at the rational surface. In this phase, the response at the rational surface causes the reconnected flux to lag in time the reconnected flux expected from simple geometric considerations with no layer physics response.
In the following section, we briefly introduce a simplified model to describe the interaction between an unstable temporally growing magnetic perturbation and a tearing stable magnetic perturbation that are coupled via geometric considerations. In Sec. III, we treat the linear evolution phase of the reconnection as an initial value problem. In Sec. IV, we consider the nonlinear evolution properties for a sufficiently large source magnetic perturbation amplitude. In Sec. V, we include the effects of differential rotation in the non-linear regime. Finally, we discuss some implications in Sec. VI.
II. BASIC MODEL
We treat the problem of reconnection with asymptotic boundary layer analysis. The reconnection and concomitant magnetic island formation are assumed to occur in a localized region of space encompassing the rational magnetic surface. We calculate the details of the plasma response in this layer in the following sections. In the outer exterior region solution, the magnetic signals are governed by the ideal MHD equations at marginal stability conditions.
The MHD equilibrium is characterized by magnetic surfaces labeled by the ''radial'' variable . The poloidal and toroidal angles are denoted and , respectively. For simplicity, a large aspect ratio tokamak ordering is used. The magnetic perturbations are written in the form ␦Bϭٌ ϫٌ, where is the magnetic flux function, which can be decomposed into Fourier harmonics of the poloidal and toroidal angles.
In this work, we are interested in the reconnection processes occurring at a rational surface caused to grow from an temporally growing external source. The external source models the existence of some other MHD event characterized by a growing magnetic perturbation. While general temporal growth is allowed for in some places, for specificity in the linear section, the external source magnetic signal is modeled to grow from time tϭ0 with the form
where ⌿ S is the amplitude of the magnetic flux function associated with the magnetic signal, G is the characteristic growth time of the signal, and ␣ is some positive constant. Further, we assume that S is described by a dominant helicity of the form S ϭ S ()e iM Ϫin where M and n are the poloidal and toroidal mode numbers. In a toroidal equilibrium, S is coupled via the geometry of the configuration to magnetic harmonics with common toroidal mode number of the form m ϭ m ()e imϪin . We will be interested in a magnetic harmonic, which has a rational surface in the plasma at ϭ 0 where the equilibrium safety factor satisfies q( 0 )ϭm/n.
The response of the magnetic fluctuation harmonic m () to S away from the rational surface is governed by the ideal MHD equations at marginal stability. That part of the exterior equations resonant with the mode numbers m and n yields an ordinary differential equation for m () of the form
where ⌳ m is the cylindrical exterior kink operator, which has second-order derivatives in and is singular at the rational surface ϭ 0 , and ⌳ S m is an operator describing the geometric coupling between S and m . The operators ⌳ m and ⌳ S m are plasma profile and geometry dependent. Connor and coworkers have described explicit forms for these operators for the case of toroidicity coupling magnetic harmonics with mode numbers m and mϮ1 in a large aspect ratio ordering. 21, 22 The formalism introduced in Eq. ͑2͒ is identical to their treatment.
The general solution to ͑2͒ for m () is given by
where the dimensionless functions f m Ϫ and f m ϩ satisfy the homogeneous equation ⌳ m f m ϭ0 with boundary conditions f m
where ϭa is the location of a perfectly conducting wall. The functions g m Ϫ and g m ϩ satisfy Eq. ͑2͒ with boundary conditions g m
The value ⌿ represents the amount of reconnected magnetic flux at the rational surface qϭm/n. The terms proportional to ⌿ S represent the response of m to the imposed source magnetic perturbation.
Due to the nature of the ideal MHD equations as the rational surface is approached, the exterior region solutions exhibit singular behavior at the rational surface. Namely, the general solution has a jump discontinuity in the perturbed magnetic flux across the rational surface. For simplicity, a small ␤ ordering (␤ϭ2 0 p/B 2 Ӷ1) is used in the exterior region, however, the results can be easily generalized to the finite-␤ case. This discontinuity is quantified by the parameter ⌬Ј of tearing mode theory, 23 where
Using Eq. ͑3͒, ⌬Ј can be written as the sum of two terms
where the first term is given by
which represents the tearing mode stability parameter of the mode at the rational surface qϭm/n in the absence of the external source perturbation. In this work, we assume that the m is tearing stable (⌬ mode Ј Ͻ0) and that the source for magnetic reconnection is due to the forcing term given by the last term in Eq. ͑5͒ with
The physical interpretation of a ⌬Ј is that it is proportional to the value of the current sheet ␦J ϭ␦J•e ϭٌ 2 m / 0 at the rational surface
where the last form is obtained using the approximation
in the absence of any magnetic reconnection (⌿ϭ0), the source term still causes the formation of a singular current sheet at the rational surface. The introduction of plasma resistivity in the layer region will then allow the current sheet to relax and lead to a forced magnetic reconnection. In the inner region solution, the singular current is resolved by including nonideal MHD effects. Asymptotic matching between the inner region and exterior region yields predictions for the evolution properties of the mode evolution. This is explicitly calculated by the matching condition
where 0 J inner ϭٌ 2 inner is the resolved inner region solution resonant with the magnetic perturbation, describing the current profile near the rational surface on the inner strained variable xϭϪ 0 .
If there is no response at the rational surface, J inner ⇒0, the reconnection is predicted to proceed by the relation ⌿ ϭE(t), which states that the reconnected flux grows directly with the source perturbation with a proportionality constant 0 ⌬ c /2m, which is solely a function of the equilibrium and geometric properties. However, as is demonstrated in the following sections, the layer response is important in describing the reconnection process and, in general, the simple geometric argument, ⌿ϭE(t) is not valid.
III. LINEAR THEORY
In this work, the low-␤ reduced resistive MHD equations are used for simplicity. The equilibrium magnetic field is approximately described in the vicinity of the rational surface ϭ 0 by the form
where B is a constant, xϭϪ 0 , and L s is the magnetic shear length, which in the high aspect ratio tokamak ordering is L s ϭq 0
The helically resonant angle is written uϭϪ/q 0 . The perturbed magnetic and velocity fields are described using the potentials and , respectively, with ␦Bϭٌϫٌ, ͑11͒ ␦vϭٌϫٌ, ͑12͒ which guarantees ٌ•␦Bϭ0 and incompressibility, ٌ•␦v ϭ0. The governing equations are Ohm's law and quasineutrality given by
where / 0 is the resistive diffusivity, M is the mass den- ). We will be considering an initial value problem where at time tϭ0 the exterior source grows as defined in Eq. ͑1͒ and there is no reconnection at xϭ0 consistent with the assumed inherent tearing stable properties of the mode. It is convenient to Fourier and Laplace transform the layer equations using
ϪptЈ e ikxЈ ͑xЈ,tЈ͒, ͑17a͒
͑x,t͒ϭL
where L Ϫ1 is the inverse Laplace transform and appropriate boundary conditions are imposed. Equations ͑15͒ and ͑16͒ can be combined to yield a linear eigenmode equation for the transformed current density, Ĵ ϭϪk 2
which has a solution in terms of Whittaker functions
where
, zϭk 2 ͱp and J 0 is a constant.
The evolution of the reconnected flux ⌿(t) is governed by Ohm's law at xϭ0
Laplace transforming the matching condition, Eq. ͑9͒ gives an equation for ⌿ , the Laplace transform of ⌿(t)
where E(t)ϭE 0 (t/ G ) ␣ characterizes the temporal evolution of the source and r ϭ 0 2 0 / is the resistive diffusion time. One can now evaluate the time dynamics of the reconnected flux by evaluating Eq. ͑21͒ using Eq. ͑19͒ and inverting the transforms. Different asymptotic regimes in time appear. At early times tϽ a
, where Sϭ r / a is an effective Lundquist number here, Eq. ͑21͒ gives
In this limit, resistivity plays no role in establishing the characteristic time and length scales of the layer, ӷ1. However, resistivity is clearly needed for magnetic reconnection to proceed. In this limit the last term in Eq. ͑22͒ can be neglected and the reconnection flux grows in time with
where sp ϭͱ a r is the Sweet-Parker time scale. We note that the Taylor problem result as originally formulated can be obtained from Eq. ͑23͒ by taking ␣ϭ0 with E(t)ϭE 0 . 17, 18 The important thing to be learned from Eq. ͑23͒ is that on this time scale (tϽ a S 1/3 ), the reconnected flux amplitude lags E(t), ⌿ӶE(t). From the layer equation, the characteristic linear layer width in this phase can be deduced from the scaling ␦ L ϭ⌬B Ќ /J(0)
where ⌬B Ќ is the jump in the perpendicular magnetic field across the layer. Further the quantity
is large denoting that there is rapid variation in (x) in the layer. Equation ͑25͒ shows that the linear mode growth initially ensues in a nonconstant-phase, as has been shown previously, 17, 18 which differs from standard linear tearing mode theory. 23 In this phase, a singular current of amplitude J(0)Х(t/ a )E(t)͓2m 2 / 0 2 (␣ϩ1)͔ grows in the layer. On longer time scales, resistive effects enter into the layer physics. On time scales in the range, a S 1/3 Ӷt Ӷ a S 3/5 , the dominant terms in Eq. ͑21͒ are given by
is the characteristic growth time of the linear tearing mode. 23 Inverting Eq. ͑26͒ gives the linear growth phase in this asymptotic range
E͑t ͒ ⌫͑␣ϩ1 ͒ ⌫͑␣ϩ5/4͒ . ͑28͒
For time scales short of FKR , ⌿(t) still lags E(t). The linear layer width is given by
and
where k 0 and k 1 are positive functions of ␣. Equation ͑30͒
indicates that the mode makes a transition from a nonconstant-phase (⌬Ј␦ L տ1) to a constant-phase (⌬Ј␦ L Ӷ1) on time scales long compared to a S 1/3 . If the characteristic time of interest is longer than FKR , the first term in Eq. ͑9͒ is no longer negligible and the reconnection rate ⌿(t)ХE(t) is obtained. In this limit the source growth is slow enough that the perturbed current in the layer has had sufficient time to relax and the mode grows on the slow time scale of the geometrically coupled mode.
However, all the assertions made in this section concerning mode evolution time scales and responses are based upon the use of linear theory. As a matter of practical importance, this phase may have very little to do with the actual mode dynamics, since nonlinear effects are known to significantly modify tearing mode growth at very small fluctuation level ͑essentially, the nonlinearities come into play when the island width is comparable to the linear layer widths͒. We address this issue in the following section.
IV. NONLINEAR RESPONSE
As shown by Wang and Bhattacharjee, for a sufficiently large forced reconnection amplitude, a nonlinear phase follows linear growth that is characterized by current sheets. 16, 18 In this regime, a variant of Sweet-Parker reconnection theory is used to describe the mode evolution. 19, 24, 25 Nonlinear effects become important when the linear and nonlinear parts of the last term in Eq. ͑14͒ become comparable. Crudely, this is the case when the perturbation amplitude is of the same order as ␦ 2 B /L s where ␦ is the typical scale length of the layer. Using Х⌿ϩE␦(2m/ 0 ) yields the onset condition in the nonconstant regime as 2mE/⌽ Х(␦/ 0 ), where ⌽ϭB 0 2 /L s . Using the linear layer estimate for ␦ from Eq. ͑24͒, this gives the condition for onset of nonlinear effects as 2mE/⌽Х a /t which is of the order S Ϫ1/3 in the nonconstant-regime. On longer time scales, the condition for nonlinear onset becomes less stringent. For present day high-temperature tokamak experiments with S Х10 8 -10 9 , the nonlinear regime is of interest. In this nonlinear regime, assuming ‫ץ/ץ‬xӷm/ 0 , reconnection occurs at the approximate rate
where ϭ x is the separatrix where v•ٌХ0, ⌬B Ќ is the jump in the perpendicular magnetic field across the rational surface, and ␦ NL is the current layer width in this regime.
Using the properties of mass conservation and momentum balance, one obtains a condition for the plasma flow into the
where v y Х⌬B Ќ /ͱ M 0 is the Alfvén velocity associated with the reconnected flux. Outside the layer, the plasma is ideal, which gives
Equations ͑31͒-͑33͒ can be combined to produce a relation for the nonlinear layer width, given by
Using Eq. ͑34͒ in Eq. ͑31͒ and ⌬B Ќ ϭ2mE(t)/R 0 , one obtains
One can modify the MHD model by including a crossfield viscosity in the momentum balance equation of the form v M ٌ 2 v. This effect slows down the reconnection rate. 19 In the presence of viscosity, the reconnection time scale is replaced by
.
͑36͒
As in the linear case, on time scales smaller than the Sweet-Parker time, the reconnected flux lags behind E(t). In this regime, there is a significant plasma response in the layer. On longer time scales, the highly singular current layer response decays and the nonlinear evolution is determined by a modified Rutherford regime. 26 This regime describes an evolution equation for the nonlinear island width w
which again predicts ⌿ϭE(t) in ''saturation.''
V. EFFECT OF DIFFERENTIAL ROTATION
If the magnetic surface where the forced reconnection occurs is rotating relative to the magnetic signal, the induced island width is reduced. 14, 16 Differential rotation can be modeled by modifying the source temporal evolution. In this section, a source term of the form
is used where is the relative rotation rate. In the nonlinear regime, the induced current sheet at the rational surface rotates relative to the rational surface. A modified Sweet-Parker analysis gives the relation 16 
‫ץ‬

͑39͒
For tӶ1, Eq. ͑39͒ gives
͑40͒
where Eq. ͑1͒ is used and C 0 ϭ(1ϩ3␣/2)/(2ϩ3␣/2). In this tӶ1 regime, the reconnection ensues as in the previous section and rotation effects enter at higher order. However, in the asymptotic regime tϾ1, Eq. ͑39͒ gives
which shows a reduction in the reconnected flux from that given by Eq. ͑35͒ by the small factor 1/t. In this limit, the differential rotation has prevented significant reconnection. The presence of an imaginary response in the mode evolution equation indicates a phase slippage between the current sheet and the reconnected flux. This produces a net electromagnetic force at the rational surface through the nonlinear JϫB force. Following Fitzpatrick, 14 we can define the electromagnetic torque in the toroidal direction
where the radial integration encompasses a small region near the rational surface. Using ⌿ϭ x , an approximate expression for Eq. ͑42͒ can be obtained that describes the two asymptotic limits of Eqs. ͑40͒ and ͑41͒, which is given by
where C 1 ϭ(C 0 ϩ1)/(1ϩ3␣/2). As shown in Fig. 1 , for a given rotation frequency, the electromagnetic torque grows in time and saturates in the tӷ1 asymptotic limit. The large time limit is equivalent to that given in Ref. 16 . In Fig.  2 , a plot of electromagnetic torque as a function of is given for a fixed time. The electromagnetic torque goes to zero in the two extreme limits of ⇒0 and sp ⇒ϱ. The peak torque as a function of frequency is given by the condition tͱC 1 ϭ1.
As has been shown in Refs. 14 and 16, a model for mode locking can be constructed by balancing the plasma inertia and viscous torques against the electromagnetic torques of Eq. ͑43͒. In the tӷ1, this procedure yields the results of Ref. 16 where the nonconstant-Sweet-Parker theory was used. If the characteristic time scale of the source is slower than the Sweet-Parker rate, reconnection occurs on the slower Rutherford scale and the effect of differential rotation can be calculated using the constant-theory of Ref. 14.
VI. DISCUSSION
A commonly used assertion concerning the initiation of neoclassical MHD tearing instabilities is that some other MHD event produces a small seed island that allows the destabilizing neoclassical effects to produce macroscopicsized magnetic islands. The results of the calculation presented here is that simple geometric arguments for calculating the seed island amplitude are not generally correct if the time dynamics of the forced reconnection process are properly accounted for. If the magnetic signal responsible for the seed island formation grows and decays on a time scale short compared to the Sweet-Parker time, no appreciable forced reconnection occurs. Two commonly observed MHD events in tokamaks where these time scale arguments are applicable are sawteeth and ELMs. Present day observations of sawteeth in tokamaks indicate that the crash times are quicker than the Sweet-Parker time scale. The magnetic signal associated with ELMs tends to be on the ideal MHD time scale, which is also much quicker than the characteristic forced reconnection time. Conversely, resistive tearing modes grow on much slower time scales. 26 Consequently, appreciable forced reconnection can be caused by slowing growing tearing instabilities. The theory for this case, where the constant-assumption is valid, has been worked in detail in Ref. 27 .
Quantitative estimates for the amplitude of the reconnected flux in the experimentally relevant nonlinear regime are given in Eq. ͑35͒. For a given value of a source magnetic perturbation, the induced mode amplitude scales as the ratio of the characteristic growth time divided by the SweetParker time. If the characteristic time scale of the source is independent of resistivity ͑as in an ideal MHD mode͒, Eq. ͑35͒ predicts that the induced amplitude decreases with Lundquist number, x ϳS Ϫ1/2
. If the cross-field viscosity is included, ͓see Eq. ͑36͔͒, and Ͼ/ 0 , which is generally true in high-temperature tokamaks, the scaling is modified to be x ϳR
, where R/Sϭ 0 /. This scaling indicates that for a given source amplitude, it becomes increasingly difficult to initiate a seed magnetic island with increasing Lundquist number.
Differential rotation also has the effect of reducing the forced reconnection amplitude. From Eq. ͑41͒, valid when tϾ1, the reconnected flux scales as 1/ spv for a given source amplitude. For rotation rates independent of resistivity, the same scaling laws of ⌿ with S are obtained as described in the previous paragraph.
While the prediction that the seed island amplitude decreases with S is in qualitative agreement with the experimental observations, 8 a quantitative discrepancy still remains. However, open experimental and theoretical issues are present that require further study. Initial experimental studies indicated a seed island width that scales as *S Ϫ1 . This scaling is essentially empirical and more data is required to make definitive statements on the S scaling. Since the island width needs to exceed the ion banana width for mode growth to ensue, 1 there may be a bias toward having the * scaling. There is no obvious reason that the ion gyroradius need enter into the seed island formation process. Further studies of the experimental data suggests a weaker dependence on S than reported in Ref. 8 . This result will be reported elsewhere. In addition to the experimental issues, there are also open theoretical questions. In particular, there may be an additional S scaling in the source amplitude, ⌿ s , which depends upon the nonlinear physics associated with the appearance of the source magnetic perturbation. In order to completely predict the entire behavior of the coupled seed island problem, one would need to have a more accurate sawtooth or ELM model to predict the ⌿ s . The conclusions of the present work are based solely upon predicting the relationship between a seed island to a given magnetic source.
A key theoretical aspect of the calculation was the necessity of accounting for the current sheet in the reconnection layer. For sufficiently fast time scales, reconnection occurs in a nonconstant-phase. As noted previously, in this way the forced reconnection problem resembles the growth of mϭ1 modes in tokamaks. 20 It is generally recognized that resistive MHD does not accurately describe the fast crash times of sawteeth and that collisionless effects need to considered. 28, 29 Since the physics of the forced reconnection and the mϭ1 mode is similar, collisionless effects may also be necessary to accurately predict the seed island formation in the problem presented here. We leave this open for future work. ⌽ Ϫ1/2 ͔ as a function of frequency ͑normalized to tͱC 1 ͒ for a particular value of time. In this plot, the torque obtains its peak value at tͱC 1 ϭ1 and goes to zero in the asymptotic limits ⇒0 and ⇒ϱ.
